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Point process on t € [0, 1]. Bat cries?
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Poisson Process.

{N(t)}0<t<1 ~ PP(A(t)) ?source: Vigie-Chiro program, Y. Bas, CESCO-MNHN

Intensity function A(t):

A0 = jim. P{N(t + Azt— Nt =1}

EN(s) — EN(t) = f A(u) du
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Piecewise constant intensity function.
Change-points

(To =)0 <71 < TR < 1(= TK)

For t € Iy =]7k_1,7k]:

— Continuous piece-wise linear cumulated
intensity function
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Bat cries?
Piecewise constant intensity function. g -
Change-points g
(T0:)0<T1---<TK,1<1(:TK) 8
For t € Iy :]kalsz]: "
A(t) = Mg i
oo am cer o ———
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— Continuous piece-wise linear cumulated
intensity function

?source: Vigie-Chiro program, Y. Bas, CESCO-MNHN

Aim.
> Segmentation: estimate (7, A) reasonnably fast

> Model selection: choose K
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Efficient change-point detection. If the constrast
(e.g. neg-log-likelihood) is

> additive wrt the segments and

> concave wrt the length of each segment,
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Efficient change-point detection. If the constrast
(e.g. neg-log-likelihood) is

Tz

> additive wrt the segments and

> concave wrt the length of each segment,

T

then the optimal change points belong to

(T T, Ty Ty T, Ty T, T

— Continuous to discrete optimization problem
— Dynamic programming algorithm = O(n?).
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Lazy model selection. Thining property:

> independent processes with proportional
internsities and common change point;

> cross-validation procedure to choose K.

[DBLR23]
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Lazy model selection. Thining property:

> independent processes with proportional —_— .
internsities and common change point; _

> cross-validation procedure to choose K. R e SN

[DBLR23]

On-going. Consistency + (modified) BIC criterion for choosing K.
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Segment clustering. P groups of segments ER
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> each segments belong to one group

> group = underlying behavior
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250
I

Segment clustering. P groups of segments 8 -

1

> each segments belong to one group
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I

> group = underlying behavior
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Model. =1 sl ; : .

» K segments Ii,...Ig
> Segment k belongs to group p with probability 7,

> Point process N(ly) ~ PP(\p)
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Next step: clustering

Segmentation-clustering model

More precisely.
» K+ 1change-points: o =0<71 < - - <7Tg_1 <7k =1
> K segments: Iy = (Tk—_1,7k]
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Next step: clustering

Segmentation-clustering model

More precisely.

>

>

>

K + 1 change-points: mp =0 <7 <+ - <7g_1 <7k =1
K segments: Iy = (Tk—_1,7k]
P groups, with proportions: m = (m1,...7k)

K latent variables (segment memberships):
(Z1)1<k<k iid ~ M(1,7)

P intensities: A = (A1,... k)

Point process in segment k:

N(IK) | Zi = p ~ PP(Ap)

Model parameters.

9 = (Tr’ A’ T)

+ (K, P)

S. Robin Segmentation/culstering in a Poisson process Rochebrune’24 7/16



Next step: clustering

Inference algorithm (1/2)

Observed likelihood. Segment Iy = (7x—1, 7], width A7y, count ANy:

P

K P
_ AN,
7Tpp/\,,(N(’k)) = 2 log Eﬂpe A'JAT'”\P *
1

K
log pg(N) = ) log
k=1 p k=1 p=1

—c(l)
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Inference algorithm (1/2)

Observed likelihood. Segment Iy = (7x—1, 7], width A7y, count ANy:

P

K K P

- AN,

log pg (N) = Z log mppa, (N(K)) | = 2 log 2 Tpe MPATK NG
k=1 p=1 k=1 p=1

—c(l)

Proposition (concave constrast)

The contrast c(ly) is a concave function of the width Aty = Ty — Tx_1 of interval Iy
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Next step: clustering

Inference algorithm (1/2)

Observed likelihood. Segment Iy = (7x—1, 7], width A7y, count ANy:

P

K P

_ AN,

7rpPAp(N(’k)) = 2 log 2 Tpe APAT'(’\P *
1 k=1 p=1

K
log pg(N) = ) log
k=1 P

—c(l)

Proposition (concave constrast)
The contrast c(ly) is a concave function of the width Aty = Ty — Tx_1 of interval Iy

Consequence. For given mixture parameters (7, \), the optimal segmentation

T(m, A) = argmaxlog p(r x, 7y (N)

is asubset of {T, , Ty, T, , T2,... T, , Ti,..., Ty, Th}.
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Next step: clustering

Inference algorithm (2/2)
Complete likelihood. Denoting Zy, = I{Z, = p},

K P
log po(N, Z) = Z Z Zip <Iog7rp + Iogp)\p(N(Ik)))
k=1p=1
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Next step: clustering

Inference algorithm (2/2)
Complete likelihood. Denoting Zy, = I{Z, = p},

K P
log pg(N, Z) = Z Z Zip <|0g7rp + |0gP)\p(N(/k))>
k=1p=1

'EM-DP’ algorithm. (see [PRLD07] for a discrete time version)
Clustering. Given 7N get

(7, \)M*D) = arg max log P, T(h))(N)
fS A
using expectation-maximization (EM), based on Eg(log pg(N, Z) | N);
Segmentation. Given (m("+1) X(h+1)) get

7D = argmaxlog p((hi1) y(ht1) 4y (N)
T

using dynamic programming (DP).

S. Robin Segmentation/culstering in a Poisson process Rochebrune’24 9/16



Next step: clustering

In practice

> Need to run EM-DP for

IS K< Kma, 1P < Pmax First rounds of EM-DP

> With few guaranty to attain the global
optimum (very few EM iterations) N
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Next step: clustering

In practice

> Need to run EM-DP for

1S K < Kmax, 1< P < Pmax After smoothing

> With few guaranty to attain the global
optimum (very few EM iterations)

2400

> Need for (time-consuming) smoothing
steps, restarting EM-DP
—  with neighbor mixture parms:

2300
1

logL

(Tk—1,P Ak—1,P, TK,P)

2200
I
g

(T 41,y Ak 41,P, TK,P)

2100
L

— or neighbor segmentation parms:

e

(%K,Pv)‘K,Pv?K,F’fl) 0 10 20 30 40 50

(Tk,py AK,Py TK,P+1)
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Next step: clustering

Model selection

log pk,p(N)
> Need to select both K and P
> Cross-validation too demanding g
é &
g
]
g |
]
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Next step: clustering

Model selection

BICmixture(Ka P)

> Need to select both K and P
> Cross-validation too demanding g
> BIC penalty for mixture )
pen(P) = (2P — 1) log(K)/2 2 Y o
(wrong: see [LMH06]) § - i
o v m e w
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Next step: clustering

Model selection

> Need to select both K and P

> Cross-validation too demanding

2400
1

> BIC penalty for mixture

pen(P) = (2P — 1) log(K)/2 3 Y
(wrong: see [LMH06]) g
> Penalty for segmentation: slope heuristic
(capushe) g

S. Robin Segmentation/culstering in a Poisson process Rochebrune’24 11/16



Some examples

Segmentation
(DP)

Segmentation
clustering
(EM-DP)
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Some examples

Segmentation
(DP)

Segmentation
clustering
(EM-DP)
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Conclusion

To summarize (1/2)

Segmentation-clustering allows to classify segment according to underlying behaviors

S. Robin Segmentation/culstering in a Poisson process Rochebrune’24 14 /16



Conclusion

To summarize (1/2)

Segmentation-clustering allows to classify segment according to underlying behaviors

What does work.

> Segmentation step still efficient thank to the concavity property

> Fast (!) EM-DP algorithm for the whole inference

S. Robin Segmentation/culstering in a Poisson process Rochebrune’24 14 /16



Conclusion

To summarize (1/2)

Segmentation-clustering allows to classify segment according to underlying behaviors

What does work.

> Segmentation step still efficient thank to the concavity property

> Fast (!) EM-DP algorithm for the whole inference

What does not work.

> Exploration of (K, P) computationaly demanding

> Need for a dedicated model selection procedure
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Conclusion

To summarize (2/2)

efficiEnt cLustering and segMEntation of Poisson pRocesses
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