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Brownian Motion on a Tree
Brownian Motion on a Network
Naive Variance Computation
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Naive Variance Computation
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Datasets Brownian Motion on a Tree
Trait Evolution on Networks Brownian Motion on a Network
Graphical Models and Belief Propagation Naive Variance Computation

Hybrids

Leopon
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Inference: fi, &
Ancestral State Reconstruction: p(Z|Y)

Formulas: need to invert (non sparse) matrix Cy y
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Belief Propagation
Loopy Belief Propagation
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Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation
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Question: what happens at hybrids ?
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Xj= f)’a(qaxa +ry+ 6a) €y~ N(O, Za)
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Belief Propagation
Loopy Belief Propagation
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Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

DAG: Trait evolution — linear Gaussian distribution
Factors: node v givent its parents u

ov(X| Xy, 0; u € pa(v)) ~ N (quan) +rj, ZJ')

Joint Distribution:

po(Xviv e V)= ] ov(Xu|Xu, 0; u € pa(v))
veV

Goal: compute
o likelihood pg(Xo; 0 € Vips)
® ancestral reconstruction py(X,|Xs; 0 € Vops)

Tool: Belief Propagation



Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

Clique Tree

Phylogenetic Tree
Cluster graph:

® Nodes: clusters C; (family preserving)
® Edges: Sepsets S;; € G;N G
® Running intersection: each variable defines a tree



Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

Initialization:
* Bi = [yscopevicc; bv cluster beliefs
° pij=1 sepset beliefs

Message passing: from C; to ;
® fiij = Je\s,, Bid(Ci\ Sij)
* Bj+ 51%‘,
i 4= flij

At calibration:
* Bi=p(Xv,v € Gi|Xo, 0 € Vops)
® pjj=p(Xv,v€SjXo,0€ Vobs)

Clique tree: only two traversals are needed.



Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

7 . —(3)
= @
3
: -
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Clique tree construction:
® Moralization, triangulation, maximum spanning tree
BP:

® Complexity depends on max clique size



Datasets Linear Gaussian Models
Trait Evolution on Networks Belief Propagation
Graphical Models and Belief Propagation Loopy Belief Propagation

Implementation

Linear Gaussian
e Canonical form: C(x; K, h, g) = exp (—%XTKX +h™x+ g)

® Message passing: simple matrix operations

julia package PhyloGaussianBeliefProp.jl
® Interface for phylogenetic neworks

® Clique tree construction

Likelihood and Ancestral state computation with BP

Optimization using ForwardDiff. jl
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Datasets Linear Gaussian Models
Trait Evolution on Networks Belief Propagation
Graphical Models and Belief Propagation Loopy Belief Propagation

Gradient Computation

Fisher's Identity Cappé et al. (2005)

Vo [log por(Y)]lgr—p = Ea [ Ve [log por(Xv; v € V)]|gp | Y]

Linear Gaussian
¢ Only depends on E[X, | Y] and Var[X, | Y]
® sub-product of BP
® links with autodiff ?

Simple Brownian Motion: analytical estimator formulas
® for the multivariate BM and phylogenetic regression
® network equivalent to Ho and Ané (2014)

Benjamin Teo, Paul Bastide, Cécile Ané Phylogenetic Networks 18/21



Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation
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Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

Phylogenetic Network Clique Tree Cluster Graph
Cluster graph:

® Nodes: clusters C; (family preserving)
® Edges: Sepsets S;; € G N G
® Running intersection: each variable defines a tree
Construction:
® Bethe cluster graph, join graph, ...
® Trade-off complexity / accuracy
Loopy BP o
~ Benjamin Teo, Paul Bastide, Cécile Ané  Phylogenetic Networks 20/21



Conclusion

General framework for trait evolution on networks
® Ecology: continuous traits
® Virology: phylogeography
® Admixture graph inference
Implementation
® julia package
® linear time estimators for the BM

® work on API and integration within julia

Perspectives
® loopy BP vs BP: network structures ?
® Deal with degeneracy: traits at tips

® Beyond Gaussian: discrete traits

B. Teo, P. Bastide, C. Ané (2024+), Leveraging graphical model
techniques to study evolution on phylogenetic networks. in prep.
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5 — Pre-order
T
6 10
! " Root: Ci1 =0

Tree node i with parent a

C,'j = Ca_,' j<i
Cii = Caa+€a

Hybrid node i with parents a and b

Ci =72GCj + G J<i
Ci = 72(Caa + L)
Xi=7a(Xs+€) €~ N(O,ga) 4 fyi(cbb + 0p)
+7(Xb + €b) €5~ N(0,£p) + 29275 Cap
~ Benjamin Teo, Paul Bastide, Cécile Ané  Phylogenetic Networks 5/9

a



Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

Y1 &7 Zyo! Y
Zio l—yz § °© :27 /\
LT N
B Tnl 8 .
-2‘00 -1‘50 -1‘00 -;O (;
IBM heredity
G0 [ Ge) = (0 D) () (g2 3))
X; Xpa(,-) /i 1 Xpa(,-) & /2 L /3



Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

g - g
Yy § | Ys
Zy0 l—yz g ,/ V3
2 o
Z; s 8
Ys H
o
o
Zg Ya Q& 7
% Ys o -z,
T T T T T
-200 -150 -100 -50 0
time
IOU heredity

(‘/,) ’ <Vpa(i)> ~ N ( e_ae;' 0) (Vpa(i)) + ( (1 — e_ae[e)ﬂ ) ,
Xi) 1 \Xeati (I—e*)/a 1) \Xu@) (i — (1 —e %) /a)B
0_2 (1 _ e—2a£,~) 1—e—ati)2
2a _(1—9;"‘2")2 %f,- _ 4(1—2—20*?:') n (1—e;22a/z,-)




Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

Loopy BP
® Choose a schedule

® Pass messages until convergence (not guaranteed)

[c. ey« Bi
Lk ~ p(Xw v ¢ Vobslxv» v E Vobs)

Hici.cyeex pi

o g=
First approximation: ELBO

log p(Xv, v € Vobs) > Eqgllog po(Xy, v € V)] -Eg[log q(Xv, v & Vobs)]
Energy functional

F(po,q) = Z Eq(log i)+ Z Eq[~ log Bi]— Z Eq[— log pi ]

Cev+ Ciev+ {Ci,Cjyeex



Linear Gaussian Models
Belief Propagation
Loopy Belief Propagation

Second approximation: localization

Eq(log ) ~ Eg,(log ;)

Factored Energy functional

F(po,q) = > Eg(logth)+ > Egl—logBil— D By [—logpij] -

Ciev* Ciev* {Ci,CjYe&~
Loopy BP at calibration

log p(Xw v E Vobs) ~ F_(Pa, q)
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